The present paper describes the design of a three-bladed wind turbine rotor taking into account maximum aerodynamic efficiency only and not considering structural as well as offdesign issues. The rotor was designed assuming constant induction for most of the blade span, but near the tip region a constant load was assumed. The rotor design was obtained using an Actuator Disc model and was subsequently verified using both a free wake Lifting Line method and a full 3D Navier-Stokes solver. Excellent agreement was obtained using the three models. Global mechanical power coefficient, CP, reached a value of slightly above 0.51, while global thrust coefficient, CT, was 0.87. The local power coefficient, C p , increased to slightly above the Betz limit on the inner part of the rotor as well as the local thrust coefficient, C t , increased to a value above 1.1. This agrees well with the theory of de Vries which states that including the effect of the low pressure behind the centre of the rotor stemming from the increased rotation both C p and C t will increase towards the root. Towards the tip both C p and C t decrease due to tip corrections as well as drag. 
I. Introduction
SUALLY wind turbines are designed using an integrated design process where several important parameters are involved including energy production, extreme and fatigue load considerations as well as cost modeling of turbine components. The objective being lowest cost pr. kWh. accurately three-dimensional flow structures, such as separation, tip and root vortices as well as spanwise flow. Finally, the design of the 2MW Enercon E-70 wind turbine 1 , which has a quite different blade geometry compared to conventional three-bladed wind turbines, has increased focus on high yielding rotor designs.
To increase the aerodynamic performance of the rotor operating in real conditions it is important to include as many physical effects as possible, such as 3D flow features, spanwise dependency, viscosity effects, etc.
Using Glauerts original BEM method 2 , spanwise effects are not properly accounted for, since the model assumes radial independency of stream tubes. Rotation of the wake is included but the pressure variation from wake rotation as well as expansion of the wake are neglected. These assumptions have the highest influence on the inboard part of the rotor where the local speed ratio, λ loc = rΩ/W is low. This causes the local power coefficient, de Vries 3 showed in 1979 that including the effect of wake expansion together with the deficit of the static pressure in the wake, the local power coefficient, C p , can exceed the Betz limit, CP Betz = 16/27 = 0.5926 when λ loc → 0. (Solid line in Figure 1 .) This effect is not taken into account in standard BEM methods, which could result in non-optimal blade design of the inner part of the blade. Previous numerical studies 4 , 5 , 6 and 7 using CFD have investigated designs comparable to the Enercon design, where the blade chord and twist are increased towards the root, in order to increase the local thrust, minimize separation and increase power production. Results showed that, as opposed to Glauerts original BEM method, local C p can exceed the Betz limit, but the global power coefficient, CP, was not increased significantly compared to a conventional rotor design. Additionally, the thrust coefficient CT increased even more meaning that the increased power production costs on even more increased blade loads.
The scope of the present study is to design a rotor for maximum aerodynamic efficiency, neglecting structural issues and off-design operation and compute the mechanical power and thrust using three different aerodynamic models. I.e. an Actuator Disc method, a free wake Lifting Line method and a full 3D Navier-Stokes method, where the physical blade geometry is modeled and viscosity effects are explicitly included in the computations.
II. Rotor Design
A comprehensive study of inboard rotor/blade aerodynamics, ref. 6 , has shown that in order to achieve a constant induction the rotor loading, C t , on the inboard part of the rotor has to be increased considerably due to the effect of the low pressure in the centre of the wake caused by the rotation of the wake. As this effect is not modeled with the standard BEM an Actuator Disc (AD) model (se below) of the rotor was used for the present design.
The basis of the present rotor is the three-bladed 5MW RWT used in the IEA Annex 23 project 8 with a rotor radius R = 63 m. The rotor was designed with the objective of achieving a constant induction in the radius interval from 6 to 41 m, Figure 2 (left). From radius 41 m and to the tip, the load was held constant (C t = 0.92), Figure 2 (right). Furthermore the loading was decreased linearly from radius 6 m to the centre. The overall loading and thus the level of constant induction was found by running a number of simulations and selecting the loading giving the American Institute of Aeronautics and Astronautics highest CP. In ref. 6 it was investigated to use a numerical optimization algorithm in order to find the optimal load distribution giving the highest overall CP. However, the resulting flat optimum indicated that different load forms gave almost the same maximum CP. A free wake Lifting Line model (see below) was also used in the present design work and assuming the same load distribution as found above the induced velocities were computed, Figure 2 (left). A good correlation between the two models is found. Finally, a standard BEM model was used to compute the induction for the same load distribution and considerable deviation between the results of this model and the other two models is found. The effect of the low pressure in the rotating wake, which is not modeled in the BEM code, causes higher induction by the BEM code on the inboard part of the blade. On the outer part the tendency is opposite and this is probably due to the effect of wake expansion as discussed in ref. 6 .
The present rotor has been optimized for a single tip speed ratio, λ = 8. Setting the wind speed at W = 8 m/s it corresponds to a rotational speed of Ω = 1.0159 rad/s. For the present blade design it was decided to use a 15 % thick Risø-B1-15 airfoil on the entire span. This airfoil has a maximum lift-to-drag ratio of 110, with a C l = 1.4 at angle of attack, α = 8º. Thus, the rotor was designed to operate at this incidence on the entire span.
The resulting chord and twist distributions are shown in Figure 3 . For comparison the geometry of the IEA Annex 23 RWT turbine is shown. It is seen that both planform and twist differs significantly from the RWT turbine, which is designed using more conventional assumptions such as e.g. lower operational lift leading directly to a larger chord.
To have a realistic drag a lift-to-drag value of 110 is used on the design calculations. If drag could be further reduced, e.g. by actively controlling the boundary layer, the blade would results in a slightly different design and the power production would be further increased.
American Institute of Aeronautics and Astronautics

III. Methods
Having now the final rotor three different aerodynamic methods have been used in the present study for computing power and loads. I.e.: An Actuator Disc method, a free wake Lifting Line method and a full 3D NavierStokes solver, EllipSys3D.
A. Actuator Disc method
First an Actuator Disc (AD) model is used for computations of the induction and the flow field is computed with a Navier-Stokes solver. In this case the commercial CFD code FIDAP is used. The AD model has in the present work been run using an axisymmetric AD flow model including swirl of the flow. The model therefore includes three-dimensional effects in the form of rotation as well as radial flow. 45 elements in the spanwise direction are used to represent the blade.
It should be noted that the AD method needs as input a set of airfoil data. In the present case, though, the rotor has been designed to operate at a single fixed angle of attack on the entire span and as input only the prescribed C l and lift-to-drag ratio are used.
B. Lifting Line method
The second method is a free wake Lifting Line (LL) method, where the wings are represented by concentrated line vortices, from which shed vorticity emanates into the wake. The method does not take into consideration the actual local geometry of the wing cross-section (airfoil), but models only the effect of the circulations that the airfoils generate. The lift forces from the fluid on the wings are evaluated from the Kutta-Joukowski Theorem, L=(Δx⋅ρ)⋅V rel ×Γ , 9 using the relative velocity of the flow with respect to the wings, including also the contributions from the free wakes of the wings. The viscous drag force act in the direction of the relative flow direction, and the magnitudes are obtained from the lift forces using the 2D lift-to-drag ratios of the airfoils. The integral forces and dimensionless numbers are obtained from integration of the distributed forces.
In order to determine the correct development of the wake, a free wake method was adopted. Due to the inherent unstable nature of free wake methods for wind turbine applications, some care must be taken to obtain convergent solutions. Since the free-stream velocity is constant, and the turbine is not operating in yawed conditions, only the vortices from one wing need be updated; the other ones are obtained from symmetry conditions. In order to ensure adequate resolution of the wake, the position of the wake is determined in specific planes parallel to the rotor plane, with narrow spacing near the rotor plane and increased spacing further down the wake. In the first part of the wake (up to 3R), the wake is updated freely (ΔZ=0.005R at the rotor disc and ΔZ=0.018R at Z=3R using 224 crosssections). In the second part of the wake, the vortex strings keep constant radial distance to the rotational axis, and the azimuthal positions are obtained from extrapolation of the values at the end of the free wake zone. The last zone is a half infinite vortex tube to model the far wake. The positions of the free wake are updated for one cross-section at the time, and the differences in radial and azimuthal positions are convected to all downstream coordinates of the wake. In order to avoid stability problems with the free wake method, the cross-section are not updated in the typically parabolic marching fashion, but according to a scheme that ensures that the update cross-section position varies as much as possible in space whilst still covering all cross-sections. The wake consists of rectilinear vortices with a viscous Rankine vortex core: 0.01R at rotor disc going toward 0.05R exponentially with a half-distance of 2R. The method is described in greater detail in 10 . The results shown in this paper were obtained with the bound vorticity along the wings discretized in 40 elements, with finer resolution towards root and tip where gradients are steeper. Investigations of the discretization have shown that the present setup produces results that changes only marginally by further increasing resolution.
C. Navier-Stokes solver, EllipSys3D
The Navier-Stokes (NS) solver, EllipSys3D is used for the full 3D CFD computations. The code is developed by Michelsen 11 , 12 and Sørensen 13 and is a multiblock finite volume discretization of the incompressible Reynolds Averaged Navier-Stokes equations in general curvilinear coordinates. The code uses a collocated variable arrangement, and Rhie/Chow interpolation is used to avoid odd/even pressure decoupling. As the code solves the incompressible flow equations, no equation of state exists for the pressure and the SIMPLE algorithm is used to enforce the pressure/velocity coupling. The EllipSys3D code is parallelized with MPI for executions on distributed memory machines, using a non-overlapping domain decomposition technique. Solution of the momentum equations is obtained using a third order quadratic upwind interpolation scheme (QUICK) for the convective terms. All computations are performed assuming steady state conditions with a moving mesh technique based on analytical prescribed rotation 14 . The turbulent eddy viscosity is modeled using the k-ω SST 15 .
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Mesh Generation and boundary conditions
The rotor is only designed for the outer 90 % radius and since the 3D NS solver needs a complete description of the geometry, the innermost 10% of the rotor was modeled neglecting the nacelle and increasing the twist to 90º at the centre to minimize the three-dimensional effects. Additionally, a symmetric airfoil was used at the centre for ease of closing the geometry.
The surface mesh is generated using Gridgen; a commercial mesh generator developed by Pointwise, Inc. and consists of 108 blocks of 32 2 cells for the entire rotor. The inner part of the rotor is seen in Figure 4 .
Figure 4. Surface geometry and mesh topology on the inner part of the rotor.
The volume mesh is generated using Risøs in-house grid generator HypGrid 16 and away from the surface 128 cells are used resulting in 14.2·10 6 cells in total. The grid density used is based on more than 10 years of experience in rotor computations. The outer boundary of the computational domain is placed approximately six rotor diameters away. On the entire surface of the rotor geometry no-slip boundary conditions are used. On the outer boundary of the computational domain inflow velocity is assumed constant with zero shear and a low turbulence intensity, while zero axial gradient is enforced at the outlet.
IV. Results
As mentioned above the rotor is operating at a single wind speed, W = 8 m/s and a rotational speed of Ω = 1.0159 rad/s. With R = 63 m this results in a tip speed ratio, λ = 8. Results will in the following be presented as global power and thrust as well as spanwise distributions of local parameters. Finally, some flow visualizations from the full 3D NS computations will be presented followed by a general discussion. Table 1 shows the mechanical power and thrust force computed using the three aerodynamic models described above. Also shown are the power coefficient, CP, and the thrust coefficient, CT, defined as:
D. Global results
where ρ is the density and A is the swept area of the rotor.
American Institute of Aeronautics and Astronautics First of all it is seen that there is a very good agreement between the three aerodynamic models applied on the present rotor. The deviation of less than 1 % can mainly be related to the difference in discretization in the spanwise direction.
Secondly, by comparing to the EllipSys3D computations of IEA RWT turbine at W = 8 m/s, which of course has a completely different geometry, it is seen that the increase in CP is quite considerable (8.0%) but the increase in thrust is even higher (11.5%). Still there is quite some margin to the Betz limit, CP Betz = 0.5926. The results corresponds well to the results from ref. 4 , where CP = 0.506 and CT = 0.850 on a design where only the inner part were changed.
E. Local results
To further investigate the aerodynamically efficient design, the spanwise distributions of loads are shown in the following. First only AD results are shown in Figure 5 where the effects of including both drag and tip correction is shown. Without these effects the local C p is significantly higher on the entire span with C p values exceeding the Betz limit on more than 50 % of the span (black curve). Including tip correction the outer approximately 25 % is reduced (green curve), while also including drag the entire level is reduced. Including the results from the LL model and EllipSys3D, respectively, Figure 6 shows both the local power coefficient, C p (left) and thrust coefficient, C t (right). Again excellent agreement is seen, with only small deviations on the innermost part which can be related to numerical issues. Locally, C p reaches a value right above the Betz limit around r = 15 m, which is also seen in ref. 4 . Around r = 40 m the EllipSys3D result of C t differs slightly from both the LL and the AD methods. This will be discussed below. For comparison the EllipSys3D computations of the IEA, 5MW RWT is included and it is clear that this blade is designed based on other issues than purely aerodynamic efficiency. Even though the rotor was designed assuming a constant induction of a = 1/3 on most of the blade, Figure 7 (left) shows a non-constant value deviating from a = 1/3. The induction factors shown are averaged over the rotor disc and since the resulting loading gradually decreases towards the tip, as discussed above, and axial velocity approached free stream velocity the induction decreases. At r = 40-50 m a increases slightly which, as discussed in ref. 6 , can be related to the constant loading as well as expansion of the wake. The tangential induction factor, a', Figure 7 (right), shows excellent agreement.
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Regarding the EllipSys3D computations the induction factors, a, and a' are determined using a method for determining the axial and tangential velocities, respectively, in the rotor plane. The method is described in 17 . Having the azimuthally averaged axial induction factor, a, from the EllipSys3D computation, together with knowledge of the local twist, ϕ , it is possible to compute the azimuthally averaged angle of attack, α, from:
(1 ') atan (1 ) α ϕ
The resulting angle of attack, α, is shown in Figure 8 . Again it should be noticed that α can be expected to deviate from the design α due to the azimuthally averaging. Also, tip correction is implicitly included in EllipSys3D result and therefore α can be regarded as a kind of "tip corrected" angle of attack.
The computed incidence is increased towards both the root and the tip. The increase at the tip is caused by the induced velocity from the tip vortex and since the flow is highly three-dimensional the assumption of a 2D angle of attack is questionable. This also accounts for the root region where also the increased rotation leads to higher α. Figure 9 shows the spanwise distribution of the driving force (left) and normal force (right), respectively. The deviation in driving force of the AD method is directly connected to the deviation in axial induction as seen in Figure 7 . The normal force shows excellent agreement. Having the spanwise distribution of angle of attack, α, from the CFD computations and the driving and normal forces, respectively, it is possible to determine the local lift and drag coefficients, C l and C d using:
where C z is the normal force coefficient and C x is the driving force coefficient. These are plotted in Figure 10 .
American Institute of Aeronautics and Astronautics Note that the deviations from design C l and C d primarily arise from the different ways of defining the angle of attack as noted above. Since the angle of attack is larger than 8° at the root it is obvious that C l and C d are larger than the design C l and C d . At the tip the increase in C d is mainly due to the tip vortex.
V. Flow visualizations
To get further physical insight into the flow around the present rotor some visualization plots will be given in the following. Figure 11 shows the entire blade where the extreme slender blade as well as the large chord at the root is clearly seen. Furthermore limiting streamlines on the suction side of the blade surface is shown and it is observed that no separation takes place at this particular wind speed, as expected. Finally, Figure 13 shows to the left a contour plot of pressure in a vertical plane through the rotor. Wind is coming from the left side and one blade is pointing upwards. Red corresponds to high pressure and blue is low pressure. A suction area at the rotation centre is clearly seen. To the right a contour plot of axial velocity is shown. Here red corresponds to 10 m/s, while blue is 2 m/s. Behind the rotor the reduced axial velocity is clearly seen as well as the wake expansion. The increased induction at R = 40-50 m from Figure 7 is seen as blue "tongues" approaching the rotor plane This can also explain the slightly increased C t at radius = 40 m as seen in Figure 6 . Finally, an axial speed-up right behind the centre is seen.
American Institute of Aeronautics and Astronautics
VI. Conclusion
The present paper describes the design of a three-bladed wind turbine rotor taking into account maximum aerodynamic efficiency only and not considering structural as well as off-design issues. The rotor was designed assuming constant induction for most of the blade span, but near the tip region a constant load was assumed. The rotor design was obtained using an Actuator Disc model and was subsequently verified using both a free wake Lifting Line method and a full 3D Navier-Stokes solver.
Excellent agreement was obtained using the three models. Global mechanical power coefficient, CP, reached a value of slightly above 0.51, while global thrust coefficient, CT, was 0.87; values which are below the corresponding values from Glauert's BEM theory.
The local C p increased to slightly above the Betz limit on the inner part of the rotor as well as the local C t increased to a value above 1.1. This agrees well with the theory of de Vries which states that including the effect of the low pressure behind the centre of the rotor stemming from the increased rotation both C p and C t will increase towards the root. Towards the tip both C p and C t decrease due to tip corrections as well as drag.
The local induction factor, a, increase slightly approaching the tip caused by the constant design C t as well as the effect of wake expansion, followed by a decrease at the very tip since the axial velocity approaches the free stream velocity.
